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THE ELLIPTIC POLYLOGARITHM FOR CM ELLIPTIC 

CURVES 



KENICHI BANNAI, HIDEKAZU FURUSHO, AND SHINICHI KOBAYASHI 

Abstract. In this paper, we construct p-adic analogues of the Kro- 
necker double series, which we call the Eisenstein-Kronecker series, as 
Coleman functions on an elliptic curve with complex multiplication. We 
then show that the periods of the specialization of the p-adic elliptic 
polylogarithm sheaf to arbitrary non-zero points of the elliptic curve 
may be expressed using these functions. 



1. Introduction 

1.1. Introduction. Let F be a lattice in C, and suppose A is the fundamen- 
tal area of T divided by tt := 3.1415.... The classical Eisenstein-Kronecker 
functions, more commonly known as the Kronecker double series, are defined 
to be the series 

Xzh) 



(1) Em,n{^):= 



7er\{o} ' ' 

for integers m and n, where Xz is the character Xziri) — exp((7z — 7z)/j4) 
for any complex number z. The series converge only for m -|- n > 2, but one 
may give meaning to the above functions for general integers m and n by 
analytic continuation. In the context of polylogarithms, these functions are 
elliptic analogues of the Bloch-Wigner-Zagier polylogarithm function (see [L] 
p. 282 Remark). In the paper [Collj . Coleman defined the p-adic analogue 
of the classical polylogarithm function as a Coleman function, which is a 
class of p-adic analytic functions generalizing the rigid analytic functions. 
The purpose of this paper is to define a p-adic analogue of the Eisenstein- 
Kronecker function as a Coleman function, when the complex torus C/F has 
a model as an elliptic curve with complex multiplication defined over the field 
of complex multiplication, with good reduction at the primes above p > 5. 
Our main result states that the periods of the p-adic elliptic polylogarithm 
sheaf may be expressed using these functions. 

In a fundamental paper, Beilinson and Levin |BLj defined the elliptic 
polylogarithm sheaf as a certain variation of mixed Hodge structures on 
an elliptic curve minus the identity, extending previous constructions of 
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Beilinson and Deligne for the case of \ {0,1, oo}. The construction is 
motivic, in a sense that it works for any reasonable cohomology theory, 
including absolute Hodge cohomology, etale cohomology and rigid syntomic 
cohomology. In [Ba3j and [BKTlj . we applied this construction to the rigid 
syntomic case, and constructed the p-adic elliptic polylogarithm sheaf as a 
filtered overconvergent F-isocrystal, which is a p-adic analogue of a variation 
of mixed Hodge structures, on an elliptic curve minus the identity, when 
the elliptic curve has complex multiplication and good reduction at p > 
5. We proved in particular that the specialization of this sheaf to torsion 
points of order prime to p is related to special values of p-adic distributions 
interpolating Eisenstein-Kronecker numbers. 

The main result of this paper is the calculation of the specializations of 
the p-adic elliptic polylogarithm sheaf to arbitrary non-zero points of the 
elliptic curve. This is an elliptic analogue of the results of |Somj and |BdJj . 
We use ideas from |Ba4j to deal with technical difficulties which arise from 
the fact that such points are in general defined over ramified extensions of 
the base field. We prove in particular that the specializations may be explic- 
itly expressed in terms of special values of the p-adic Eisenstein-Kronecker 
functions. Since the construction of the elliptic polylogarithm is motivic, our 
result amounts to the explicit calculation of the image of motivic elements 
with respect to the syntomic regulator, modulo some expected compatibility 
(see the introduction of [BKTlj for this point). 

The interest in looking at non-torsion points comes from the elliptic ana- 
logue of the Zagier conjecture [W2j . The p-adic Eisenstein-Kronecker func- 
tions which we have defined should play a future role in formulating and 
investigating p-adic analogues of this conjecture. 
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2. Eisenstein-Kronecker series and the Kronecker theta 

function 

2.1. Eisenstein-Kronecker series. In this section, we review the defini- 
tion of the Eisenstein-Kronecker series. We first review the definition of the 
Eisenstein-Kronecker-Lerch series . 

We fix a lattice F C C, and we let Xw{z) := exp{{zw — wz)/A) for any 
z, w G C, where A is the fundamental area of T divided by tt. We define 
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the Eisenstein-Kronecker-Lerch function following Weil ( jWej VIII §12) as 
follows. 

Definition 2.1. Let a be an integer, and let zq, wq G C. We define the 
Eisenstein-Kronecker-Lerch series by 

T^*/ N (^0 + 7)" / X 

7er\{-2o} ' " " 

The above series converges for Re(s) > a/2 + 1, and extends to a mero- 
morphic function on the whole complex plane by analytic continuation. The 
following result was proved by Weil |Wej VIII §13. See also [BKTlj Propo- 
sition 2.2 for details concerning the case a < 0. 

Proposition 2.2. Let a he an integer. 

(1) The function K*{zq,wq, s) for s continues meromorphically to a 
function on the whole s plane, with a simple pole only at s = 1 
if a = and wq € T. 

(2) The function K*{zo,W(), s) satisfies the functional equation 

T{s)K*{zo, wo, s) = A'^+^-^'Via + 1 - s)K*{wo, zo,a + l- s)xwo{zo)- 

The Eisenstein-Kronecker numbers are defined as the special values of 
Eisenstein-Kronecker-Lerch series (see also |BKlj Definition 1.5 and [BKTl] 
Definition 2.3). 

Definition 2.3. Let zq, wq S C, and let a and b be integers such that 
{a,b) (1,-1) if Wq G F. The Eisenstein-Kronecker number e* j,(zo, i«o) is 
defined by e*^(zoi^i'o) := K*^ij{zo,wo,b). As in |BKTlj Definition 2.3, we 
let 

e*a,bizo) ■■= e*,fe(0, zo) = i^*+fe(0, zq, b) 
for Zq ^ C such that ^ T if (a, b) ^ (—1, 1). 

We define the Eisenstein-Kronecker function, referred to more commonly 
as the Kronecker double series, as follows. 

Definition 2.4. For any integer m, n, we define the Eisenstein-Kronecker 
function Em^n{z) to be the 'i^°°-function on C \ F defined by 

Em,n{z) := Kl_^{Q,z,n). 

The Eisenstein-Kronecker function coincides with the power series expan- 
sion ([T]) of the introduction if m + n > 2. This function is known to satisfy 
the differential equations 

d^Em,n{z) = -Em-l,n{z)/A, dlEm,n{^) = Em,n-l{z)/A. 

Remark 2.5. In [BKTlj . we used a different normalization. The Eisenstein- 
Kronecker function Em,n{z) in [BKTlj is A"^~^^~^ Em,niz) in our notation. 
See |BKTlj Definition 2.6 for details. 
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Note that by definition, we have 

Em,n{zo) 

for any zq € C \ F. 



2.2. Kronecker theta function. We next review the definition and basic 
properties of the Kronecker theta function. Let F C C be a lattice, and 
denote by 9{z) the reduced theta function associated to the divisor [0] of 
C/F, normahzed so that ^'(0) = 1. This function is given exphcitly as 

9iz) = exp(-eS,22V2)<T(^), 
where cr(z) is the Weierstrass sigma function 

. z^ 

exp 



1-^ 

7 



z z 
7 ^ 2^ 



a{z):=z n 

7Gr\{0} 

associated to the lattice F, and 2 ■= li™s^o X]^gr\{o} which 
coincides with the Eisenstein-Kronecker number Cq 2(0)- We define the Kro- 
necker theta function as follows. 

Definition 2.6 (Kronecker theta function). We let 

e{z,w) := e{z + w)/e{z)e{w). 

The relation of this function to the two-variable Jacobi theta function 
Ft-{z,w) of Zagier |Zag| is given by @{z,w) = exp{z'w/A)FT-{z,w). For any 
zq, wq G C, we let 



e 





ZqWq' 




exp 


A 


exp 



ZWq + WZq 



A 



Q{z + zo,w + Wo). 



This function is known to be the generating function of Eisenstein-Kronecker 
numbers as follows (see |BKlj §1.14 Theorem 1.17). 

Theorem 2.7. We have 

e.o,«;o(^,^^) =X.o(^o)— + — + 2^ (-1) + Z W 

a,b>0 

in a neighborhood of the origin, where 5x = 1 if x and is zero otherwise. 

We define the function FzQ^b{z) as in [BKTlj Definition 4.2 as follows. 
Definition 2.8. We let F^^^biz) be the functions such that 



G 



b>0 



Z }W 



..b-l 



The choice of zq in the definition of F^^^biz) depends only the class of zq 
modulo F. When zq = 0, we let Fh{z) := Fo^b(z). Explicit calculations show 
that we have Fo{z) = 1 and Fi{z) = e'{z)/e{z) = C{z) - e^ s-^- Note that 
we have by definition Fzq^i(z) = Fi{z + zq) — zq/A. We will later show that 
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in the p-adic case, F^^^b for various zq paste together to form a Coleman 
function. 

The formula for Qzo,woi^iw) as the generating function for Eisenstein- 
Kronecker numbers gives the following. 

Proposition 2.9 (Generating function). For any b > 0, the Laurent expan- 
sion of Fz^^^biz) at is given by 

a>0 

where d^^b = 1 if b = 1 and x € T and is zero otherwise. 

Proof. See for example [BKTlj Corollary 4.3. □ 

We next define an auxiliary function Ln{z) used to define the connection 
of the elliptic polylogarithm sheaf. 

Definition 2.10. Let 'E{z,w) := exp{—Fi{z)w)@{z,w). We define the con- 
nection function Ln{z) by the formula 

„n-l 



i{z,w) := ^L„(z) 



w 

n>0 

Remark 2.11. Explicit calculation shows that the connection function for 
small n is given by L(j{z) = 1, Li{z) =0 and L2{z) = — ^p(z). 

The function Ln{z) is a periodic function on C/F, holomorphic outside 
r. The relation between F^g^biz) and Ln{z) is given by the formula 

^ p t ^\b—n 

(2) Fz.A^) = Y. 7b -nV -^»(" + ^°)- 

n=0 ^ ^' 

Next, we assume that our complex torus has an algebraic model. Let F 
be a number field with a fixed embedding F ^ C, and assume that we have 
an elliptic curve E over F defined by the Weierstrass equation 

(3) E : y^ = Ax^ - g2X - gs. 

We let r be the period lattice of E with respect to the invariant differential 
LV = dx/y. We have a complex uniformization ^ : C/T = E{C) such that dz 
corresponds to to. Then the connection function Ln{z) is algebraic in the 
following sense. 

Proposition 2.12. The functions Ln{z) correspond through the uniformiza- 
tion ^ to rational functions L„ on E defined over F . 

Proof. See [BKTlj Proposition 1.6. □ 

Assume now that E has complex multiplication by the ring of integers Ok 
of an imaginary quadratic field K. In this case, the function <dzo,wo{z,w) 
satisfies the following algebraicity result. 
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Theorem 2.13 (Damerell). Suppose zq, wq correspond to torsion points in 
C/r ^ E{C). Then we have 

where 6x = 1 if x and = otherwise. 

Proof. This is a reformulation of the classical theorem of Damerell. See 
|BKlj Corollary 2.4 for a proof. □ 

Corollary 2.14. Suppose zq corresponds to a torsion point inC/T = E{C). 
Then we have 

where S^^b = 1 if b = 1 and x & and S^^b = otherwise. 

We fix an isomorphism [] : Ok — End-p(i?) so that a G Ok acts as 
[a]*uj = auj on the invariant differential uj = dx/y. For any non-zero a £ 
Ok"; we denote by E[a] the subgroup of E{Q) annihilated by a. The function 
Fzo,b{z) is known to satisfy the following distribution relation with respect 
to E[a]. 

Proposition 2.15 (Distribution Relation). The function FzQ^b{.z) satisfies 
the relation 

for any non-zero a G Ok- 

Proof. By jBKlj Proposition 1.16, noting that 

we see that the Kronecker theta function Qzofi{z, w) satisfies the distribution 
relation 

^ Qzo+zcfl{z,w) = aQazofi{<^z,w/a) 

ZaeE[a] 

for any non-zero a G Ok- Our assertion follows from the definition of 

Fz,,b{z)- a 

2.3. The p-adic properties. We now review the p-adic properties of the 
function Fzf^fi{z). We let E be an elliptic curve with complex multiplication 
by the ring of integers Ok of an imaginary quadratic field K. We assume 
in addition that E is defined over K and has good reduction at the primes 
above p > 5. This implies that p does not ramify in Ok- We fix a Weierstrass 
model of E over Ok with good reduction above p, and by abuse of notations, 
we denote again by E this model defined over Ok- Let t = —2x/y be the 
formal parameter of E at the origin, and we denote by E the formal group of 
E with respect to the parameter t. We denote by A(t) the formal logarithm. 
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Let zq e ^(Q)tor, and we denote by F^^^fiit) := F:,^^b{z)\z=\{t) the formal 
composition of the Laurent expansion of ^^^^^(z) at the origin with the formal 
power series z = A(t). Note that by definition, we have 

n=0 ^ 

where L^o.nCO ■-= Ln{z + 2;o)U=A(t)- 

Let ip := tpE/K be the Hecke character of K associated to E. We let p 
be a prime in Ok lifting p, and let vr := ip{p). Note that if p is ordinary, 
then vr is an element such that p = vrvr* with vr* a unit in i^p, and vr = — p 
if p is supersingular. We fix an embedding K ^ Cp such that vr maps to 
an element of absolute value < 1 in Cp. By Corollary 12.141 we may view 
Fzii,b{^) as a power series with coefficients in Cp through this embedding. 
We next review the p-adic properties of the power series Fz^^hi^) through 
this embedding. 

Proposition 2.16. Let zq be a torsion point in -E(Q) of order prime to p. 
Then the radius of convergence of the holomorphic part 

Fz„b{t) - Sz,,bt~^ G Cp[[t]] 

of FzQ^b{i) is one. In other words, this power series defines a function on 
B- := {t G Cp I \t\ < 1} if b ^ 1 or Zq 0, and Fi{t) := Fo,i(t) defines a 
function on A(0) := {t G Cp | < |t| < 1}. 

Proof. See |BKTlj Proposition 4.7 for the proof. □ 

In the next section, we will prove that the power series i^2o.b(t) paste 
together to form a Coleman function on the elliptic curve minus the identity. 
We next review a formula for translation by 7r"-torsion points. 

Lemma 2.17 (Translation). Suppose zq is a torsion point in i?(Q) of order 
prime to p. Then we have 

Fz,,b{t®tn) = Fz,+z„,b{t), 

where tn G i?[7r"'], and z^ is the image oftn through the inclusion E{mp)tor C 
-£'(Q)tor C C/r, where rrip is the prime ideal o/Ocp- 

Proof. See |BKT1| Lemma 4.13 for the proof. □ 

The above lemma gives the following corollary. 

Corollary 2.18 (Generating function). Suppose zq is a non-zero torsion 
point in E{Q) of order prime to p. Then for any integer a > 0, we have 

(5tVgi^.o,fe(0)lt=t„ = (-i)"+'-^e;,(zo + z„)M^ 

where dt,iog is the differential operator X'{t)~^dt. 



8 



BANNAI, FURUSHO, AND KOBAYASHI 



Proof. Note that if we let z = X{t), then we have dz = dt^iog- Our assertion 
follows from Lemma [2.171 and the generating function property of F^^^b given 
in Proposition 12.91 □ 

We let F^^^ (z) be the function 

(5) FiP\z)■.= F^{z)-W-'F^i7^z), 

which is an elliptic function corresponding to a rational function defined 
over K. Then we have F^\z + zq) = Fzo^i{z) — W^^ Fi{ttz), hence 

FiP\z + zo)U=xit) = Fz,At) - 7f-iF,„,i([7r]t). 

3. p-ADIC EiSENSTEIN-KrONECKER FUNCTION 

3.1. Review of Coleman integration. We first review the theory of 
Coleman integration for curves, following the description of Besser ( |Bes2j . 
|Bes3j ). using notations coming from rigid cohomology. 

Let if be a complete subfield of Cp, with ring of integers Ok and residue 
field k. Let X be a smooth irreducible projective scheme over Ok of relative 
dimension one. Let [/ C X be an open affine and smooth subscheme of X 
such that the complement X \ U is horizontal over Ok- 

Denote by X^ be the rigid analytic space associated to the scheme Xq^. 
Its points consist of the points of X{Cp). We have the specialization mor- 
phism 

and we denote the inverse image of a point x £ X(¥p) by which we call 
the residue disc. The set ]x[c X^ is an admissible open set of X^. We 
have a set-theoretic decomposition 

x&X{¥p) 

which is not an admissible covering for the rigid topology. Since X is smooth, 
each residue disc is isomorphic to the open disc 

B" := {t£Cp\ \t\ < 1} 

through a choice of local parameter of X at x. Let r be such that < 
r < 1. We define A(r) be the annulus A(r) := {t € Cp | r < \t\ < 1}, which 
is an admissible open of B~. 

Definition 3.1. We let be the ring of functions defined by 

A{]x[) ■.= T{M-,0^-) xeU{¥p) 
MM) ■= U r(A(r),OA(r.)) otherwise, 

0<r<l 

where we have identified ]x[ with the rigid analytic space B~ through a 
choice of parameter tx- 
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Note that is simply the ring consisting of formal power series 

fi'tx) = X]n>o^"*x which converges on B~ if x € U{¥p), and formal power 
series f{tx) = '^'^=-00 o.-nfi which converges on A(r) for some r < 1 if 
X G {X \ U){¥p). This definition is independent of the choice of the param- 
eter tx- 

Definition 3.2. A branch of the p-adic logarithm is any locally analytic 
homomorphism logp : Cp — > Cp, defined by the power series 

logp(x) = -\^ 

n>0 

for X in a neighborhood of 1. It is characterized by the value logp(p). 

Suppose a branch of the p-adic logarithm has been chosen. One defines 
^iog(]x[) to be if x e U{¥p) and to be the polynomial ring in the 

function log(ta;) over A(]x[) if x € {X\U){¥p). This definition is independent 
of the choice of the local parameter t^. Set r2j'^g(]x[) := A\o^(\x\)dtx- Then 
one defines the ring of locally analytic functions and one forms on U by 

Aoc{u):= n AogG^D, <c{u)--= n ^logC^D- 

We have a differential d : ^ioc(f^) —> ^\^^{U), which is surjective. 

Suppose k = '¥q for q = p^, and let X and U be the formal completions 
of X and U with respect to the special fiber. For simplicity, we assume 
that there exists a Frobenius morphism : X — > X, which is a 0/^-linear 
morphism lifting the r-th power Fr'^ of the absolute Frobenius Fr on X^ := 
X®k and such that (j){U) C U. Then this map induces a Cp-linear morphism 
(p : X^ — > X^ by extension of scalars. 

Coleman constructs a certain subring M{U) of Aiqc{U), which we call the 
space of Coleman functions on U, equipped with an integration map. If we 
denote by M{U)/Cp the ring M{U) modulo addition by constants, then the 
integration map is a vector space map / : M{U) 'S>a{U) ^^(U) —>■ M{U)/Cp 
characterized by the following three properties. 

(1) We have d{J co) = to (primitive function). 

(2) We have J{(j)*ij) = (l)*{J uj) (Frobenius invariance). 

(3) If 5 € M{U), then J dg = g + constant. 

M{U) is defined so that it contains rational functions on X which are regular 
on [/, as well as over convergent functions on C X^, where is the 
rigid analytic space associated to U. 

The construction of Coleman functions gives the following lemma. 

Lemma 3.3. Suppose f is a function in AyodU), and suppose P{x) is a 
polynomial in Cp whose roots do not contain the roots of unity. If we have 
df G M{U) O nl^{U) and P{ct)*)f G M{U), then we have f G M{U). 
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3.2. FzQ^biz) as a Coleman function. We will next show that the functions 
Fzo,b{z) defined in the previous section defines a Coleman function on our 
elliptic curve. Let the notations be as in §2.31 In particular, we let E be 
the model over O^- of our CM elliptic curve, with good reduction at the 
primes above p. Let K he a finite extension of Kp in Cp, and by abuse of 
notations, we denote again by E the extension of E to the ring of integers 
Ok of K. Then for vr := multiplication by [vr] induces a Frobenius 

(j) : E ^ E. We denote by E{Cp) := the extension to Cp of the rigid 
analytic space E^. Prom now until the end of this paper, z will denote a 
variable on E(Cp). 

Each residue disc of E{Cp) contains the Teichmiiller representative, which 
is the unique element in the residue disc fixed by a certain power of the 
chosen Frobenius. For our choice of the Frobenius (j), the Teichmiiller rep- 
resentative is a torsion point zq of order prime to p. If we let t = —2x/y, 
then this gives a local parameter of E at the origin. Then the open disc 
{t G Cp I |t| < 1} represents the residue disc ]0[c E{Cp) containing the 
identity of E. If we let zq be a torsion point of E{Cp) of order prime to p 
and ]2;o[:= TzoQOI) translation t^q : E ^ E defined by Tza{z) := z + zq, 

then ]zo[ is precisely the residue disc containing zq. 

We first start by investigating the function ^20^1(2). We let U := E\[0]. 
Note that by Proposition 12.161 the power series Fz^^bit) defines a function 
in A(]2;o[) through the identification ]zq[= M~ . 

Lemma 3.4. We let F^°^ be the function in A\oc{U) defined by 



to p. Then Ff is a Coleman function on U. 

Proof. The differential form dFi = ry + Cq is known to be a meromorphic 
differential form of the second kind on U defined over Ok- Since dEz^^i = 
T*^dFi, we have dFf°^ = dFi. For any Coleman function f{z) on U, denote 
by /(vrz) the Coleman function [7r]*/(z). Consider the function 



For any z €.]zq[, we have z := ttz €]7rzo[. Hence from definition and the fact 
that [vr] o r^p = t^^z^^ o [it] , we have 



where t and t are element in B corresponding to z and z. This shows that 



where F^^' is the rational function on E defined in ([5]) . Then Lemma 13.31 
shows that F^°^ is a Coleman function, uniquely characterized by the prop- 






F-l(7r^)l].o[ = ^rH2)l]..o[ = FnzoAt) = il.o,i(M*) 




erty that dF^"^ = dFi and (1 - (p* /w) Ff°^ = 



□ 
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Note that is a rational function on E with poles only at [0] in E, hence 
is in particular a Coleman function on U . The set of Coleman functions is 
a ring, and we define F^"^ as follows. 

Definition 3.5. We let Ff"^ to be the Coleman function of Lemma l3.4[ For 

any integer 6 > 1, we define F™' to be the Coleman function 

^ ( r?co\\b—n 
n=0 ^ ' 

on U . 

The functions F^°^ interpolate the power series Fz^^hiz) of the previous 
section. 

Proposition 3.6 (Interpolation). The function F™' on the residue disc ]zq[ 
is given by 

FrXo[ = F,o,b{t)<^AloSM)- 

Proof. The case for 6=1 follows from the definition of F™'. The case for 
6 > 1 follows from this case, noting that -i^n|]2o[ ~ Lzo,n{t) and comparing 
the definitions of ([4]) and ([6]). □ 

Proposition 3.7 (Distribution Relation). For any non-zero a S Ok, the 
function F^"^ satisfies the distribution relation 

F^°\z + z^) = 00"-^ F^°\az). 

Proof. We write a = 7r"aO) where oiq € Ok is prime to vr. For any Za G -E[a], 
we write Za = + Zn, where Zao € E[ao] and z„ G i?[7r"]. Suppose z is a 
point in the residue disc ]zq[. Then z + Za is in the residue disc ]2;o + -2^oo[> 
az is in ]azo[. Denote by t the element in B~ corresponding to z through 
the isomorphism ]zq[= B~, and by tn the element corresponding to Then 
Proposition 13.61 shows that we have 

F^°\az) = Fa.o,6([«]*), 

if°'(^ + ^a) =i^.o+..„,6(tetn). 

By Lemma Em we have -Fi,o+z<.o,t'(* ® = -^^o+^a,fe(0> Our result now 
follows by substituting z = X{t) to the distribution relation of Proposition 
noting that F^o,fe(Qz)|^=A(i) = -^2o,fe(^)U=A([a]t)- □ 

Remark 3.8. (1) The function is characterized as the unique func- 
tion of the form = f dFi satisfying the distribution relation. 

(2) The convergence property for FzQ^i{t) shows that the function Ff"^ 
converges on any point in U{Cp). 

(3) Furthermore, the expansion of F^°^(t) for 6 > 1 shows that -F™' is 
defined on E{Cp). 
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3.3. p-adic Eisenstein-Kronecker function. We will now define the p- 
adic Eisenstein-Kronecker function. We will define this function to be the 
iterated Coleman integral of F^"^ whose constant term is chosen to satisfy the 
distribution relation. We first prepare a proposition concerning integration 
and the distribution relation. 

Proposition 3.9. Let m and b be integers > 0. Suppose is a Coleman 
function on U which satisfies the distribution relation 

(7) Yl E^;:\{z + z^) = a'-^a'~'E^°\{az). 

for any non-zero a € Ok- Then there exists a unique integration E^j^^ ^ := 
— / E^\uj of —E^\u> satisfying the distribution relation 

(8) Yl + = 

for any non-zero a £ Ok- 

Proof. Let -Bm+i.fe ■= — f E^\uj be any Coleman integral of —E'^\oj. For 
any non-zero a G Ok, let 

Cq, := Y Em+i,biz + Za) - a~"^a^~^Era+i,b{az). 

Then the relation ([7]) shows that dca = 0, hence the property of Coleman 
integration shows that is a constant in Cp. For any non-zero a, (3 G Ok, 
we have 

Y Em+l,b{z + Zap) = Yj Em+l,b{z + Za + Zp) 

Zai3£E[al3] ZaeE[a], 

IpeE[al3]/E[a] 

= Y (ca + a^'^a^^^Ein+ifiiaz + az/s) 

Zfs&E[a0]/E[a] 

= N{(3)ca + a-'^a^-^cp + {a(3)~"'(^f"''Em+i,b{(^f3z), 

where the last equality follows from the definition of and the fact that 
we have an isomorphism £J[a;/9]/£^[a] = E[f3] given hy zp zp := azp. By 
reversing the roles of a and /3, we see from a similar calculation that the 
above is also equal to 

N{a)cp + r""f~'ca + (a/3)-™M)^-^^™+i,fe(a/3z). 

This shows that we have {N{/3)-/3-"'P^~^)ca = {N{a)-a-"'a^-'')cf3, hence 
the constant 

c := Ca/{N{a) - a-'^a^"^) 
is independent of the choice of a G Ok- If we let 

E'r^li,b{z) := E^+i,biz) - c, 
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then this function satisfies dH]) for any non-zero a G Ok- D 

Definition 3.10. For integers m, b with 5 > 0, we define the p-adic 
Eisenstein-Kronecker series recursively going up and down as follows. 
We first let Eq"^ := (— Then by Proposition 13. 71 this function sat- 
isfied the distribution relation ([7]). For m > 0, we let -E™';, be the Coleman 
function recursively defined by E^^^^ = — J E'^^^ ^uj, with the constant term 
normalized as in Proposition 13.91 to satisfy the distribution relation 

(9) ^tbi^ + = 

For m < 0, we define E^^ recursively by the formula dE'^j^^ ^ = —E'^"\uj. 

Proposition 13.91 insures that such a choice of constant term when m > is 
possible. Again, the convergence property of Fi in Proposition 12.161 insures 
that E^\ is defined on any point in U{Cp) if 6 = 1 and on E{Cp) if 6 > 1. 
When 6 = 0, note that E^°^ = 1. This shows that we have = for 
a < 0. 

The reason we view E'^^ as a p-adic analogue of Eisenstein-Kronecker 
function is that this function interpolates values of the classical Eisenstein- 
Kronecker function at torsion points for m < as follows. 

Proposition 3.11. Let a, b be integers > 0. Then for any torsion point 
z G £'(Q)tor such that z ^ ifb=l, we have 

E'^^l.iz) = E_,^,{z)/A^ =: e:4z)/A\ 

Proof. Any torsion point z is of the form z = zq + Zn, where zo is a Te- 
ichmiiller representative and Zn is a vr'^-torsion point. Our result follows 
from the fact that 

E'tdz) = {-ir^''~'dl,,^F,,,,{t)\t=t^ 
and Corollary Em □ 

We will use the functions E^\{z) for m > to define the p-adic Eisenstein- 
Kronecker number. We first prove that the values of E^^j^[z) are independent 
from the choice of the branch of the p-adic logarithm. 

Lemma 3.12. Let m and b be integers > 0. Suppose that z is a point in 
E{Cp)\]0[. Then the value E^\{z) is independent from the choice of the 
branch of the p-adic logarithm. 

Proof. The proof is given by induction on m. The statement for m = 
and 6=1 follows from the construction of which is independent of the 
choice of the branch of the p-adic logarithm. The statement for m = and 
general 6 follows from the definition ([6]) of noting that Ln are rational 
functions. Suppose now that the statement is true for some m > 0. Consider 
the Coleman integral Em+i,b = — J Em,b^ as in Proposition l3.91 By Besser's 
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formalism [Bes3], Coleman integrals over points of good reduction (in other 
words, points in the smooth subscheme U <Z X using the notations of §3.ip 
are free from the choice of the branch of the p-adic logarithm. Hence for 
z in £'(Cp)\]0[, the value £'m+i,fe(-2) is independent of the choice of the 
branch. Furthermore, for a point in z in ii^(Cp)\]0[, the values i?m+i,6(^) 
and Em-\-i^b{z + zi) for zi G E[)p\ are also free from the choice of the branch. 
Hence the global constant c = of Proposition 13.91 is independent of the 
choice of the branch. This gives the statement for E''^\{z). □ 

Remark 3.13. The restriction of E^\[z) to the residue disc ]0[ is of the 
form 

^m!f,l]0[ = ao{t) + ai(t) logt + a2{t){logtf + ■■■ + a„(t)(logt)" 

for some n and ai{t) € yl(]0[), where the ai{t) are rigid analytic functions on 
]0[ free from the choice of the branch. Since E^\{z) is analytic on E{Cp), 
we see that n = if 6 7^ 1. Therefore if 6 7^ 1, then the values E^\(z) for 
z € E{Cp) is independent of the choice of the branch. 

We define the p-adic Eisenstein-Kronecker number using this function. 

Definition 3.14. For integers a, b with 6 > and z G E{Cp), with 2: 7^ if 
6 = 1, we define the p-adic Eisenstein-Kronecker number e'^l{z) by 

e^^liz) := E??l,{z). 

Note that e'^l{z) is independent of the choice of the branch of the log- 
arithm if & 7^ 1 or 2; G ^(Cp)\]0[. The above terminology is justified by 
the following result, which follows directly from Proposition 13.111 and the 
definition of e'^l{z). 

Proposition 3.15. Let a, b be integers such that a, b > 0, and suppose 
z G -E'(Q)tor is such that z ^ if b = 1. Then we have 

e':l{z) = e:,,(z)M^ 

where 6*^(2;) are the usual Eisenstein-Kronecker numbers. 

We define a variant of the p-adic Eisenstein-Kronecker function as follows. 
Definition 3.16. For any integers m and b such that 6 > 0, we let 

(10) eI^\{z) := E'^\{z) - ^S-U^z). 

Remark 3.17. The function E^^^{z) on each residue disc is given as 

where E^^^^^^it) is the power series defined in |BKTlj Definition 5.8. This 
fact is proved by induction on m, noting that both sides satisfy the distri- 
bution relation. 
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We next prove that the action of the Frobenius on the values of E!^\ 
at torsion points of order prime to p may be described using the function 
E^\{z). We denote by Kq the maximal unramified extension of K, and let 
o" be a power of the absolute Frobenius of Kq such that the fixed field of a 
is Kp. We denote again by a any automorphism of Cp extending a. Then 
we have the following. 

Proposition 3.18. Suppose m,b be integers > 0, and let zq be a non-zero 
torsion point of E{Cp) of order prime to p. Then we have 

Proof. By the theory of complex multiplication, the action of the Frobenius 
on Zq is given by £1(2:0) = t^zq. Hence it is sufficient to prove that 

(11) criE^r^^i^)) = E'^\{a{z)). 

for any z G £'(Cp)\]0[. We prove this statement by induction on m > 0. We 
first consider the case when m = and 6 = 1. Then Eq°1{z) = F{^°'(z). Note 
that CO* := dF^°^ is a differential of the second kind defined over K, hence 
we have cr{uj*) = lo* . This fact and the compatibility of Coleman integration 
with the action of a continuous endomorphism of Cp ( |Col2] Corollary 2.1e) 
shows that the function 

a{Fl^\z)) - Fl°\a{z)) 

is a constant. The distribution relation for F'[°^ proves that this constant 
is in fact zero. The case for m = and 6 > 1 follows from ([6]), noting 
that ^o°fe(2) := i^r'(^) and that L n are rational functions defined over Kp- 
Suppose next that (llip is true for some m > 0. Then the compatibility of 
Coleman integration with a again shows that the function 

a(i?-^i,,(.))-i?-;,_,(a(z)) 

is a constant. The distribution relation d?]) shows that this constant is in 
fact zero. Our assertion now follows by induction on m. □ 

3.4. j5-adic polylogarithm function. We define the Coleman p-adic el- 
liptic polylogaritlim function using the p-adic Eisenstein-Kronecker series as 
follows. 

Definition 3.19. For integers m,n > 0, we define the Coleman p-adic 
elliptic polylogarithm functions by 

" / rpcol\n—b 

7-)Col / 1 \n— 1 \ ^ V^l J 171C0I 

^m,n — i-lJ 2^ _ ^N, ^m,b- 

b=0 ^ '' 

Remark 3.20. We may express E'^^^ in terms of -D^^„ as 

^ I -pco\\b—n 
pcol ._ ( 1 Nb-l l-^l ) ncol 
^m,b ■ \ 2-^ (I) _ 

n=0 
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Then the distribution relation ([9]) gives a formula which we may regard as 
the distribution relation for -D^ n- 

From the definition, we have Fi{z) = +69 hence dFi = —r] + eQ 2^ 
for T] = p{z)dz = xdx/y is an algebraic differential. If we let lo* := dFi = 
dF^"^, then the Coleman p-adic elliptic poly logarithm functions satisfy by 
definition the differential equation 

j7-)coi _ n™i , , r)™i , ,* 

"-'-^m+l,n — ^m,n^ ^m+l,n-l^ 

for m, n > 0, where -D^'^ := for n < and Dq°^ := Ln- 

In [BKTlj . we defined the overconvergent p-adic elliptic polylogarithm 
functions -Dm,n as follows. Let Q^'p\z,w) := Q{z,w) —Tf~^Q{-Kz,Tf~^w) and 



w) := exp 



{-Fiiz)w)e'^P\z,w). 



We define the functions Ln^ (z) as in Definition 12.101 by the expansion 

E(P\z,w)=Y,LiP\z)w--\ 

n>0 

Then by |BKT1] Lemma 5.2, the function Ln\z) is known to be a rational 
function on E defined over K. In [BKTlj Theorem 6.14, we proved the 
following. 

Theorem 3.21. For integers m, n, there exists a unique system of overcon- 
vergent functions Dm]n{z) on Uk such that D^J'l^ = L^^l^, Dm]n = i/n < 
and 

dD^ll = -Dt\^u;-Dt\^,u^* 

for m,n > 0. 

Remark 3.22. By Remark 13.171 and [BKTlj Proposition 5.10, the function 
Dm]n may be expressed in terms of E^\{z) as 

( rpcol\n—b , . 

One may describe Dm]n in terms of D^f„ using (fTO|) . 



We next define a variant of the elliptic polylogarithm. In order to achieve 
this, we first regard A(t) as a Coleman function on E. 

Lemma 3.23. We let X{z) be a function on E{Cp) given on each residue 
disc ]zo[ as 

A|],,[:=A(t) e^G^oD- 

Then A(z) is a Coleman function on E{Cp). 
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Proof. By definition of X{z), we have dX = iv. Furthermore, since the formal 
logarithm is compatible with multiplication by [vr], we have 

1 - ^] X{z) = X{z) - -X{7rz) = 0. 

vr / TT 

Hence X{z) is a Coleman function by Lemma 13.31 □ 

Remark 3.24. If z is a non-zero torsion point in E{Cp), then z = zq + Zn 
for some Teichmuller representative zq and 7r"-torsion point Zn- If we denote 
by tn the point on the unit disc corresponding to z„, then we have X{z) = 
X{tn) = 0. Hence the function X{z) is zero on any torsion point in E{Cp). 

Definition 3.25. For integers m, n such that m > 1 and n > 0, we let 

iym,n{z)- 2^ 2^ {m - m^)\{n - n^)\ ^-o.no^^J' 

mo=lno=0 ^ ^' ^ ^' 

and Ao,n(-z) = 0. Furthermore, we let 

X{z)'^Ff°\zY 



mm 



for 771, n > 0. 

We will later use the above function to explicitly express the specialization 
of the elliptic polylogarithm to points on the elliptic curve. 



4. Category of filtered overconvergent F-isogrystals 

4.1. Filtered overconvergent F-isocrystals. Let be a finite extension 
of Qp, with ring of integers Ok and residue field k. We denote by Kq the 
maximum unramified extension of Qp in K, and by W its ring of integers. 
We denote by a the lifting to W and Kq of a certain fixed power of the 
absolute Frobenius of k. 

Definition 4.1. We say that a pair ^ = [X, X) is a smooth pair, if X is a 
smooth scheme separated and of finite type over Ok-, and X is a smooth and 
proper compactification, separated and of finite type over Ox, such that the 
complement D = {X \ X) ^ X is a normal crossing divisor of X relative to 
Ox. 

We will define the category of filtered overconvergent F-isocrystals S{^) 
on a smooth pair This category will be defined by pasting together the 
categories S^^ii^) and Sr\g{^) over the category S^eci^)- We will first 
define the categories S'dR(=^), Sri^{^) and S^aci^)- Let Xk := X ® K 
and Xk := X K. 

Definition 4.2. We define the category SA^{9y) to be the category con- 
sisting of objects the pair MdR := (MdR,^*), where: 
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(1) MdR is a colierent 0^^^ -module with an integrable connection 

VdR : MdR ^ MdR n^^^ (log^A') 

with logarithmic poles along Dk '■= D ® K. 

(2) F* is a Hodge filtration, which is a descending exhaustive separated 
filtration on MdR by coherent sub -modules satisfying Griffiths 
transversality 

VdR(F™MdR) C F"^-^MdR ® n)^^{\ogDK). 

Definition 4.3. We define the category iSrigC^) to be the category of over- 
convergent -F-isocrystals F-\soc\Xk/ Kq) on the special fiber := X ®k. 

Denote by X the formal completion of X with respect to the special fiber, 
and by "Xk and X^ the rigid analytic spaces over K associated to X and 
Xk- We will use the same notations for X. 

Definition 4.4. We say that a set V C is a strict neighborhood of 
in X''^\ \iVVJ{X^ /Ik) is a covering of for the Grothendieck topology. 

For any abelian sheaf M on we let 

j^M := lim ay*ayM, 
V 

where the limit is taken with respect to strict neighborhoods V of X/< in 
X^ with inclusion ay ■ V ^ ^'k- ^'^ ^ structure of a Ox|f -module, 
then j^M has a structure of a j"fOx|f -module. 

Definition 4.5. We denote by S^cc{^) the category of coherent j'^Ox'^- 
modules with integrable connection. 

We next define natural functors FdR and Frig, which are exact functors 
from 5dR(jr) and 5rig(=^) to 5vec(=^). Let p^^ : Xf^ ^ Xk be the 
composition X^ — > Xk ^ Xk- 

Definition 4.6. We define the functor 

FdR : Sdni^^) ~^ Svcci^) 

by associating to MdR := (MdR,F*) the module j^(PdRMdR) with the con- 
nection induced from VdR. The functor FdR is exact, since it is a composi- 
tion of exact functors. 

By |Berlj 2.3.7, there exists a functor Isoc^ (Xf^/Ko) — > Isoc^(Xfc/i^) de- 
fined by Mrig Mj:[g(S)K. The objects of the category Isoc^ (Xk/K) are re- 
alized by J ^Ox='? -modules with integrable overconvergent connection, hence 
naturally gives an object in S'vcc(<^)- 

Definition 4.7. We define the functor 

Frig • 'S'rig ( ) > S'vecl"-^) 
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by associating to Mj-ig := (Mng, the j'Ox|^n -module with integrable con- 
nection underlying the overconvergent isocrystal Mj-[g^K. The functor F^ig 
is again exact. 

Now we are ready to define the category 5'syn(=^)- 

Definition 4.8. We define Ssyn{^) to be the category oi filtered overcon- 
vergent F-isocrystals, whose objects are triples M := (M^r, Mrig, p), where 

(1) MdR, is an object in 5'dR(.^), and M^ig is an object in S'rig(^)- 

(2) p is an isomorphism 

(12) p : FdR(MdR) ^ Frig(Mrig) 

in 5vcc(^)- 

A morphism / : M ^ !N in this category is given by a pair (/dR,/rig) 
consisting of morphisms /dR : Mjr — > A^dR and f^g : M^ig — > A^ig in their 
respective categories, compatible with the comparison isomorphism p. 

Remark 4.9. Isomorphism (jl2p implies that the connection on FdR(AfdR) 
is overconvergent. Hence FdR(AfdR) and Fi.ig(Mi.ig) both represents objects 
in Isoc^(Afc/A'). 

If Afc := Speck, then the category F-lsoc^ {Xj^ / Kq) is simply the category 
of finite Ao-vector spaces with a Frobenius structure. Hence for the smooth 
pair Y := (Spec 0/<, Spec 0/f), then the category Sgyni'^) consists of the 
triple (AfdR, Mj-ig, p), where Mjr is a finite dimensional A- vector space with 
descending exhaustive separated filtration F', Mj-ig is a finite dimensional 
Ao-vector space with a cj-linear Frobenius structure $ : M^g (8)0- Aq = M^ig, 
and p is an isomorphism p : Mjr = iWrig CSi^-g K. 

4.2. Morpiiisms of smooth pairs. We next investigate the pull-back of 
filtered overconvergent A-isocrystals with respect to morphisms of smooth 
pairs. 

Definition 4.10. We define a morphism u : ^ ^ of smooth pairs to be 
a morphism u : X oi schemes over Spec Qk such that n(A) C Y . 

If we let UdR := u® K, then the pull back by UdR : Xk Y k induces a 
functor 

<R : 5dR(^r) ^ 5dR(=r). 

Similarly, if we let Uk ■= {u <S> k)\xk be the restriction of u to the special 
fiber Afc, then the pull-back by Uj-[g : A^ Yj. induces a functor 

These functors are compatible with the comparison isomorphism in the fol- 
lowing sense. 
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Lemma 4.11. Suppose we have a filtered overconvergent F-isocrystal M = 
(MdR, Mrig, p) in Ssjn{'3^)- Then there exists a canonical isomorphism 

n*(p) : FdR«RMdR) ^ FHg«igMrig) 
induced from the isomorphism p : F(Jr(M(Jr) = Frig(-Mrig). 

Proof. Let Uvec be the morphism : — > induced from u. We 
denote by u*^^ : S^eci'S^) S^eci^) the pull-back functor by Uvcc- By 
[Berl] Proposition 2.1 A, the functor is compatible with the inverse image 
functor u^*. Hence there exists a canonical isomorphism 

(13) FdR«RAfdR) ^ <,,FdR(MdR). 

Similarly, taking (^iK is compatible with the pull-back morphism of over- 
convergent isocrystals. Hence there exists a canonical isomorphism 

(14) <,,FHg(MHg) ^ FHg«igM,ig). 

The isomorphism u*{p) is defined as the composition of the above two maps 
and <,,(p) : <,,FdR(MdR) ^ u*,,F,,^{M,,^). □ 

Remark 4.12. The compatibility with de Rham (jl3p is straightforward. 
The compatibility with rigid (jl4p exists due to general theory, but some 
work will be necessary to calculate it explicitly in terms of realizations. 

We may now define the pull-back functor for filtered overconvergent F- 
isocrystals as follows. 

Definition 4.13. Let u : — > be a morphism of smooth pairs. We 
define the functor u*y^ : Ssyni'3^) —>■ 'S'syn(=^) by associating to a a filtered 
overconvergent F-isocrystal M = (MdR,Mrig,p) in Ssyni'3^) the triple 

UgynM = (UdRMdR, MrigMrig 

! ^vec (P)) 

in 5syn(^). 

5. The p-ADic elliptic polylogarithm 

5.1. Basics on the elliptic curve. Let E be an elliptic curve as in H2.31 
We let i^' be a finite extension of Kp in Cp, and by abuse of notations, we 
again denote by E the extension of E to Ok- If we let Kq be the maximal 
unramified extension of Qp in K, then we have Kp C Kq since p is a prime 
of good reduction. Denote by a the power of the absolute Frobenius of Kq 
such that the fixed field of a is Kp. We let Eq be the extension to the ring 
of integers W of Kq of the original E defined over Ok- The multiplication 
by 1^ := [vr] gives a map (j) : Eq ^ Eq, which is a lifting of a Frobenius of Eq. 

We let (f = {E, E) be the smooth pair consisting of E over Ok- We denote 
by F^ the rigid analytic space associated to Ekq ■= Eq Kq, and by Ef^ 
the rigid analytic space associated to Ek '-= E^q^^K. An object Mvec in the 
category \soc\Ek/K) is realized as the category by a coherent O£;|^-module 
M with convergent integrable connection, and an object Mrig in the category 



p-ADIC EISENSTEIN-KRONECKER FUNCTIONS 



21 



Isoc^ {Ek/ Kq) is realized by a coherent 0£;|n -modules Mq with convergent 
integrable connection. Let pr : — > E'o be the natural projection. For a 
£;an -module Mq with overconvergent integrable connection which realizes 

an object Mrig in lsoc\Ek/ Kq), the object M^^ ® K corresponding to the 
image by the functor 

Isoct(Sfc/i^o) ^ lsoc\Ek/K) 

is represented by the O£;gi-module with overconvergent integrable connec- 
tion pr*Mo. 

We let H\j^{Ekq/ Kq) be the de Rham cohomology of Ekq over Kq. 
Then the invariant differential oo = dx/y defines a cohomology class cj^jj^ 
in H^j^{Ek^^/ Kq), and since E has complex multiplication, the differential 
of the second kind uj* := dFi = r] + 6^2^ slso defines a cohomology class 
w^j^ in HIj^{Eko/Ko). Then {^^^,0;^^} form a basis of HI-^{Eko/ Kq), and 
the Hodge filtration on H\^{Ex^/ Kq) is given by 

F^Hl^ = HI^{EkJKo), F^Hl^ = Kou;^^, F^H^^ = 0. 

Next, let H^^^{Ek/Ko) be the rigid cohomology of Ek over Kq. Then GAGA 
gives a natural isomorphism 

(15) P : HUEkJKo) ^ H},^{Ek/Ko). 

We denote by (jj-jg and a;*;g the basis of {{^^^{E/^/ Kq) given by p(W(Jr) = Wj,jg 
and p(u;Jj^) = lo*^^. Rigid cohomology has an action of the Frobenius <I> : 

given on the basis Wj-ig ^'^d. ^*ig by 

= TTo;, = Tfw*. 

We let H^{<§') be the filtered overconvergent F-isocrystal 

H\^) := (i7iR(i?,^/i^),ifig(ii;fc/Ko),p) 

in S{y), where HI^{Ek/K) := HI^{EkJKq) ® K \s the de Rham coho- 
mology of Ek over K and p is the isomorphism of (jlSp 

We define = (^R,^ig,p) to be := H^{(^y. In other words, 
is the filtered overconverg ent F-isocrystal in dual to H^iS"). We 

denote by w^j^, wj^^ the basis of J^dR dual to w^r, ^i^^p^, and w^jg, w*^ the 
basis of J^rig dual to uj_j.[g, w*jg. 

Let u : (a" ^ be the structure morphism. By abuse of notation, we 
denote again by ^ the filtered overconvergent F-isocrystal u* .3^ in S{S\ 

5.2. Specialization on an elliptic curve. We next define the special- 
ization of a filtered overconvergent F-isocrystal on to a point. Suppose 
z G E{Ok), and lei i : Y ^ S he a. map of smooth pairs defined by the map 
iz ■ SpecOi<- — > E whose image is z. This induces a map Zrig : Spec/c — > E/^ 
on the special fiber. There exists a unique lifting i^^ : SpecVK Eq, which 
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we call the Teichmuller lifting, whose image is a torsion point zq of E(W) 
of order prime to p. This map gives a diagram 

Spec Ox — - — >■ E 

pr 

SpecW Eo, 

which itself is not necessarily commutative, but is commutative CSfc. Hence 
we have a diagram of rigid analytic spaces 



(16) 



SpmK 


E 


an 
K 


pr 






pr 


SpmKo 


' ^Xo' 



which is again not necessarily commutative. The functor 

i^ec : lsoc\Ek/K) lsoc\Spec k / K) 

is realized as the pull back M i^M, and this realization is amenable with 
the pull back functor for de Rham cohomology. The functor 

z*ig : lsoc\Ek/Ko) Isoc^(Spec A;/Ko) 

is realized as the pull back Mq i-^ i^^^MQ, and this realization is amenable 
with the Frobenius structure. 

With the above consideration in mind, suppose Mq is a coherent Oe'^- 
module with overconvergent integrable connection representing an object 
Mrig in Isoc^Ek/Ko). Then the object i*^^Fj.ig{Mrig) and Frig(i*igMi.ig) is 
represented by the modules 

CcFrig(Mrig) = (pr o i,)*Mo, Frig(i*gMrig) = {i^^ ° pr)*Mo. 



Since the diagram (116p is not commutative, the two objects above do not 
coincide. However, since iz and iz^ coincide we have the following. 

Lemma 5.1. There exists a canonical isomorphism 

ei2 : (pr o iz)*Mo ^ (i^^ o pr)*Mo 

which realizes the isomorphism i^^^Fy-i^^Mfig) = Frig(i*;gMrig) of ([HI). 

Proof. This follows from [Berlj Proposition 2.2.17. □ 

The rest of this subsection is devoted to explicitly describing the isomor- 
phism ei2 above, in terms of Taylor series as in [Berlj (2.2.4). Let £ be the 
formal completion of E with respect to the special fiber. Then the tubular 
neighborhood ]-zo[£C is isomorphic to the open unit disc B. The local 
parameter t = —2x/y of E at the origin gives by translation Tzq : z ^ z + zq 
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a local parameter again denoted by t in a neighborhood of zq. Then t pa- 
rameterizes the open unit disc ]zo[£- The restriction of ^^'^ *° ]^o[e. is the 
free module Oj^^^^^dt generated by dt. 

Suppose M is a coherent O^jan-module with convergent connection V. We 
denote again by M the restriction of M to ]zq[^. Then the differential dt 
dual to dt and the connection on M gives a differential V(5t) : M — > M on 
]zq[e. The maps izoi^z • Spmii' — > factors through ]2;o[6, and defines 
maps izQiiz ■ SpmK — >]zo[£- We let t be an element in K, such that izg 
and iz is given by t i— > and t t. The isomorphism ei2 may now be 
constructed as follows. 

Lemma 5.2. Let the notations be as above. The isomorphism 

ei2 ■.M(S)i^K^M (^i^^ K 
is given explicitly by the expansion 



fc>0 

Proof. The expansion converges since the connection V is convergent and 
|i| < 1. Our assertion is [Berlj (2.2.4). □ 

5.3. The logarithm sheaf. We now proceed to review the definition of 
the logarithm sheaf given in [BKTlj . The main result of this section is the 
explicit description of the specialization of the logarithm sheaf to a point on 
U{Ok), where U :=^\ [0]. 

The pair := (U,E) is a smooth pair. The restriction of the logarithm 
sheaf ^og^ on S{S') to S{^) is given as follows. 

Proposition 5.3. The restriction of the elliptic logarithm sheaf to ^ is 
given as a system of objects .ifog^ = (Jfog^, ^og^g, p) in S'syn('^) given 
as follows. 

(1) ^og^ is the coherent 0£;^-modM/e 

r^> N /T\ m m,k—m 

-^OgdR = ^ OSk^R 

0<m<fc<Af 

With basis Wjj^ , an mtegrable connection V^w^^j^ j = lv^^^ (8> 
LU + u/!jj^~^^ uj* and Hodge filtration 



Q<m<k<N ,m.<a 



^og^jg is the overconvergent F -isocrystal which is realized by the 
coherent j'^Ou^l-module ^og^g = ®o<m<k<N ^^^Ulf^^^L^g^'"" with 
basis io^g^~"^, an overconvergent integrable connection V(a;™g") = 
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^rig^"^'" ® w + u/^g^'^^ (8) uj* and Frobenius 



vr^vT" ^ (/k-n)! "^"^ 

(3) The comparison isomorphism p is given by p(u;^") = w™g" (8) 1- 

The purpose of this section is to expHcitly calculate the specialization 
i*^og^, for a point i : "V ^ given by the morphism : SpecO;^ — > C/. 
Note that in this case, zq is a non-zero torsion point of order prime to p. 
The main statement will be given in Proposition I5.8[ We first calculate the 



specializations of ^og^j^ and ^og^jg with respect to iz and i 
The module i*.ifog^ is given as the K-vector space 

•* N /T\ m,k—m 

0<rn<k<N 



20- 



with Hodge filtration given by subspaces 

0<m<k<N,m.<a 

Similarly, the module i*^^og^^^ is given by the Kq- vector space «*j^og^g 
©o<m<fe<7V^o^rig''~"', with Frobenius 



V— rig J -Trm^F" ^ 



{k-n)l -"g ■ 



k=n 

The comparison morphism is given as follows. Let Fi{z) := F^°\z) - 
F^°\zo), and let u„^,n(.z) := A(z)'"Fi(z)"/m!n! for m,n > 0. We take the 
convention that Um,n{z) = if m < or n < 0. The map ^^(p) may be 
calculated as follows. 

Proposition 5.4. Let Pz := i*(p). Then we have 

N N-m.Q 

(17) V>z{<JJ^^)= ^ ^ W^^g"'"'' ® Smo-m,no-n(^;)- 

mo=m no=n 

Before we prove the proposition, we first prove the following lemma. We 
first define a series am,n{z) of functions on ]zo[£, by a^oliz) = 1 and am]n{z) = 

if 771 7^ or n 7^ 0. We then recursively define am]n{z) by the formula 

(18) a(^+'^ = + cii^\ndtX + at]n-AFi. 

Lemma 5.5. Let k be an integer > 0, and let am]niz) be as above. Then 
we have 
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Proof. We first prove the equality 



m n 



(19) {d^Um,n){z) = ^ Yl ^™-™o,n-n,o(^)aS,no(^) 

mo=0 no=0 

by induction on k. For k = 0, the formula is true by definition. Suppose 
([19]) is true for A; > 0. By taking the derivative dt, we see that 



m n 

dt {Um,n) = (^'m-mo,n-noC^tOmo,no 
mo=0 no=0 

+ ^nio,no'^rn-nio-l,n~nodt \ + a,[„^^„jjUm-mo,n-no"lC^t ^1 ) • 

Hence (fT9|) is true for A; + 1 by ([TS]) . Since Um,n(-zo) = 1 for m = n = and 
Um,n{zo) = otherwise, our assertion follows by substituting z = zq into 
(dl). □ 

We are now ready to prove Proposition 15.41 
Proof of Proposition\5.4\ Let k be an integer > 0, and let am]n{z) be as 



above. We first prove by induction on k that 

N N~mo 

(20) ndh{ui::p = E E «S-n^,no-n(^)Cg""°- 

mo=m no=n 



,(0) 



on ]zq[^. When k = 0, the statement is true from the definition of am,n- 
Suppose the statement is true for A; > 0. If we differentiate (j20p by V(9f), 
we have 

N N-mo 
mo=m no=n 

I ^(fc) f(f, \\, mo+l,no _|_ p V mo,no+l\\ 

Then by (llSp . we have the statement for k + 1. By Lemma 15.51 we have 
(9j'^Sm,n)(-2o) = «m,n(-2o)- Therefore, by substituting z = zq (which is t = 
for the parameter t around zq) to the definition of Om,n, (|20]) gives 

Af N-mo 

V(9,'=)(a£:^g")®l= 5] 5] a;~'®(9f5^o-m,no-n)(^o). 
m,o=m nQ=n 

By definition of p^, we have 



A:>0 



Our assertion follows from the fact that Ylk>o ^,{(^t'^m,n){zo)t^ is the Taylor 
expansion of Um,n{z) at t = 0. □ 
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We will next choose a different basis for i*^og^ and i*g^og^g which 
splits their respective structures. As in [BKTlj Definition 6.17, let 

I T?co\( ^ \\n—k 
m,k _ \ " l^Ojj m,n 

-"0 ^ in-k)\ ■ 

Then by [BKTlj Lemma 6.20, we have ^(czq' , hence the 

Frobenius on i*^^og^ expressed using the basis {e^' } is trivialized. This 
gives in particular the isomorphism 

N 

compatible with the Frobenius structure. Similarly, if we let 



JV-m / r?col^ ^\\n-k 
m,k \ " [Z)) m,n 



n=k 

then the basis {e^'^} of i*^og^ gives an isomorphism 

N 

compatible with the Hodge filtration. We now calculate the isomorphism 
Tpz with respect to these basis. 

Definition 5.6. For integers m,n > 0, we let 

_ A(z)'"Ff°H-g)" 
mW. 

Note that this function is a p-adic analogue of the function z'^z^/mlnl in 
the complex case. 

Corollary 5.7. Using the basis e^'^ and e™''^ above, we have 

N 

(21) MeT')= ^T'®^rn,-m,,{z). 

mo=m 

Proof. We calculate the right hand side of (fT7|) in terms of e^'"". The sum 
I]no=T^rig'"° ® Umo-m,no-n{zo) for a fixed mo is equal to 

N-mo N-mo p^ol 



no=n fc=no \ / 

k^n 

Our assertion now follows from the definition of e™'^ in the left hand side 
of ([2T|l and the above equality. □ 
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Now we are ready to prove the main result of this subsection. 

Proposition 5.8. The restriction i*^og^ to a point iz : ^ ^ is given 
by the triple (i*^og^j^, i*g^og^g, p^), where 

(1) i*^og^ is the filtered K-vector space 

N 

il^og^n = n Sym'^^^dR- 

w=0 

(2) i*jj^og^g is the K^-vector space with Frobenius structure 

N 

(3) p^ is the isomorphism given in (j2ip . 

As a corohary, we have the following. 

Corollary 5.9 (Splitting principle). Let iz '■ y ^ ^ be a morphism of 
smooth pairs, where z G U^jD^^ corresponds to a torsion point in Ei^p^^Q^ . 
Then we have an isomorphism 

N 

i*z^og^ ^ Yl Sym'^J^ 

in Sir). 

Proof. By the previous proposition, the only thing preventing i*^og^ from 
splitting is the comparison isomorphism p^. Our assertion now follows from 
the fact that X{z) = if z is a torsion point (see Remark 13. 24p . □ 

5.4. The polylogarithm sheaf. We are now ready to calculate the special- 
ization of the polylogarithm sheaf. The p-adic elliptic polylogarithm sheaf 
is a filtered overconvergent F-isocrystal on given as an extension 

^ ^og^(l) ^ ^ ^ ^ 

characterized by a certain residue property at the boundary [0]. In this 
section, we will first recall the result of [BKTlj explicitly describing the 
polylogarithm sheaf. Then we will calculate its specialization to non-zero 
points of the elliptic curve. 

We first define the differential forms ^^R' ^dR '^r'ig' '^rig- 

Definition 5.10. We let 

N N 

V 0,0 ^ * , \ ^ r l.n— 1 „ *v \ ^ r O.n ^ 

WdR = ® W + 2^ LnUJ^^ UJ, C^dR = 2^ LnULm, ® 

n=l n=0 
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be differential forms in r(?7i^, ^og^ CgiO^^), and 

TV 

V 0,0 „ * I T l,n-l „ *v T O.n 

^rig = -^i^rig ® + 2^ LnUi^l^ ® LO, UJ^ig = -^-nW^g 



TV TV 

On _ 

n=l n=0 



be differential forms in r(C/|?, j^^og^g 

We proved in [BKTlj Theorem 6.15 that the polylogarithm sheaf is 

(p) 

explicitly given in terms of the overconvergent functions Dm'n of Theorem 

Theorem 5.11. The filtered overconvergent F-isocrystal is the triple 
("^dR' "^rig' P) 9'^ven as follows. 

(1) ■^^Yi coherent OuK'''^odule := ^^R0-^og^, with con- 
nection V(a;^j^) = ^dj^, V(a;Jp^) = u*^ and Hodge filtration 

(2) is the overconvergent F-isocrystal whose realization is given by 
the coherent j^Oui^ -module '■= J^rig ©^og^g, with connection 
VCwVg) = ujy^, V{ui;>^g) = uj;>^g and the Frohenius 



TV TV-m 



y \ V \ " V -^1 / 0,n , \ " \ " m,n 

^(7ra;,ig) = ui^^g - ^ , + 1^1^ D^,n+i^ng 

n=0 ^ ' m=l n=0 

TV TV-m 

m=0 n=l 

and i/ie Frohenius -$ on ^og^g. 
(3) T/ie comparison isomorphism p is given by p(t<i^p^) = ti^):^jg $5 1 and 
pKr)=<^1- 
For integers m, n such that m > 1 and n > 0, we let 



m n 

,col 



■^m,n(^) • — ^ ^ ^ ^ ^'m—mo,n—noiz)F), 
r?io=l no=0 



mo, no V^jj 



and we define Ao,n(-z) = 0. In addition, for integers m,n > 0, we let 
^rnni^) •= ^m,n{z) + Um,n{z). Then we have the following. 

Proposition 5.12. Let p^ := ij(p). T/ien we /laue 

TV TV-m 

P.(^^^r) = ^.^ig ® 1 - E E ^Hg" ® (Am,n+l(^) - A:;,,,+i(zo)). 
m=0 n=0 

TV TV-m 

P2(^dR) = ^r*i^ ® 1 - X] Yl ^rig" ® (Am+l,n(^;) - Am+l,n(^;o))- 
m=0 n=0 
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In order to prove this proposition, we first calculate the derivatives of 
^m,n{z)- We define b^^n{z) to be a function on ]zo[e, such that b^in{z) = 
-D^°}^{z)dtX{z) for n > 0, and &m|n = otherwise. For A; > 0, we recursively 
define the functions 6m,n(^) by the formula 

(22) = dtht]n + btUndtX + ht]n-Ah. 

Then we have the following. 

Lemma 5.13. Let k>l, and let 6m,n(-z) be as above. Then we have 



rn n 



(23) 9f (A^,n(z)) = Yl 0,n-no(^)&S,no(^)- 

mo=l no=0 

Proof. We prove by induction on k. By definition and the differential prop- 
erty of D'^^{z), we see that 

n 

(24) dtCK^,n){z) = -Yl '^m-l,n-noiz)D'o';U^)dtX{z). 

"0=0 

Hence the statement is true for k = 1. Suppose the statement is true for 
k > 1. By differentiating (j23p by dt, we have 

m n 

dt~^ (Am,,n(^)) = (^m-mo.n-n.Q^f &mo,no 

mo=l no=0 

+ ''^m-mo-l,n— no^mo,no^*'^ "I" ^"i— mo,n— no— l^mo,no^t-^l)' 

Then (j22p gives our assertion. □ 

Lemma 5.14. Let k be an integer > 1, and let bm]n{z) be as above. Then 
we have 

N N-m 

(25) v{di){ui^) = - E E + «Sn+l(^)HTg^ 

m=0 n=0 
Af A-m 

(26) V{d^){u£>'^) = - E E d,n(-knr- 

m=0 n=0 

Proof. We prove by induction on k. Suppose k = 1. Then by definition, we 
have 

N-l 



n=0 

N 



n=0 
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(k) 

Hence the statement for k = 1 follows from the definition of bm'n and the 
fact that Dq°}^{z) = Ln{z). We next assume that ([25]) is true for some k > 0. 
We have 



N N~m 



rig/ ^ v^t/ ^ Jv=^r\g) 
N N~m 

(k) Y m,n I jj^k) ^^r^ ^s^^ m+l,n , ^ m,n+l\ 

ig J 
m=0 71=0 



, /Q (fc) \ m,n , (fc) //n \\ »Tt+l,n , / o 7-1 N m,n+l\ 

+ (9io;„;„+i)w,ig +a;„;„+i((9tA)a;,ig +(9tFi)Wrig ). 
Similarly, if we differentiate (|26p. then we have 



N N-m 



m=0 n=0 

The assertion for k + \ follows from (jlSp and (j22p . □ 

Proof of Proposition \5.lM . Again, we have Um,nizo) = 0- Then (j23p shows 
that (9|=Am,„)(zo) = ^m,n(-zo), and shows that (^^^AJ; „)(2;o) = {bl^]n + 
am,n)(-zo)- Therefore, by substituting z = zq, we have 

TV N~m 



V{d^){ui^;^) ^ 1 = - E E ^rig" ® {d^A*^^^^,){zo) 

m=0 n=0 

N N~m. 

"^(O^X^Z) ® 1 = - E E ^rig" ® (5f A„,+i,„)(zo). 



m=0 71=0 

Since J2k>o hX9t^^,n){zo)t^ and X^^^g M(^t'^m,7i)(^o)t'' are the Taylor ex- 
pansions of A.m,n{z) and AJ„^(/;) at z = zq without the constant term, our 
assertion now follows from the definition of the isomorphism . □ 

If we use the basis {e'z"'^} of i*p^og^g, then the Frobenius structure on 
^*o"^rig is given as follows. 

Proposition 5.15. The Frobenius on i^^^^^ is expressed as 

rt=0 

N N-m 

+ E E <Ui(-o)e-'", 

m=l n=0 

N N-m 

$(vf^*Vg) = + E E ^Si,7i(^o)e™'", 

m=0 ri=0 



p-ADIC EISENSTEIN-KRONECKER FUNCTIONS 31 



using the basis e^^'^ of i^^^^og^ . 
If we take uj^ , u;*y to be 



-20' — ZO 

, ,. \ ^ -^1 l^O; ^O.n I \ ^ pcol (^\^m,n 



^^0 



V ^ V 

^rig ^ (n+1). 

n=0 ^ m=l n=0 



m=0 n=0 



then we see that = tt^Vzq and = vf^Vj^- This shows that 

using this basis, we have an isomorphism 

of Frobenius modules given by wY, i— > wl^^^ and u;*^ i— > w*:"^. 

^ ^ — ^0 — ng — ^0 — iig 

Recah from Definition 13.251 that for integers m, n such that m > 1 and 
n > 0, we let 

m n 

^m,n{z) := ^m-mo,n-no(^)^m,Q,no(^)' 
mo=l no=0 

and Ao,n(-z) = 0. Furthermore, we let A5^ „(z) = Am,n{z) + Um,n{z). Note 
that by definition, we have Am,n(-2o) = ^mn(-^o) for m > 1. Using the basis 
{e^'"'}, we have the following. 

Lemma 5.16. We have 

N N-m 

/r,yN m=0 n=0 

^ Af A-m 

P.(^S^) = < ® 1 - E E A-+i,n(^)ero'^ 

»Ti=0 n=0 

Proof. The second equality follows from the fact that 

" Tpco\( ^ \n—k 

— — — — — A^+l,fc(z) = A^+i,„(z) 

and Am,n(2:o) = -Smn(-^o)- For the first equality, note that we have 
for m > 1 and 

(n — Kj! (n + 1)! 
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for 771 > 0. This implies that 



N N-m ^ N-m , sfe+ix 

TO=0 n=0 fc=0 ^ \ }■ / 

+ E E ^s^^ ^ A* - ^ E t^^--^^) 



(fc + 1)! ^ 

m=l fc=0 \ ^ ' mo=0 

'■£20' iii2o 



Our assertion follows now from the definition of Pz , , wY* , and the equal- 



E 7;;-;;^<.o(^)-<o(-o) = o, 



ity 

m 

^ (m-mo)!"^"° 

mo=0 ^ ^' 

which may be seen from the fact that f{z) = YlZo=o \m-moy. ^"^Ifli^) is a 
constant function since f'{z) = 0, and that f{zQ) = L)™q(zo). □ 

This gives the following theorem. 

Theorem 5.17. Suppose : 1^ — > ^ is a morphism of smooth pairs. Then 
the specialization i*^^ of the poly logarithm sheaf ^^'^ on S{'^) is given by 
the triple (il^^^,il^^P^^,Vz), where 

(1) i*z^^Yi ^'^ filtered K -vector space 

^:^<fR = ^dR0i:^og^R(i). 

(2) i*^^ is the K^-vector space with Frobenius structure 



"20 rig 



N 



(3) T/ie comparison isomorphism is given by ([2 

5.5. The specialization in cohomology. The polylogarithm sheaf ^ 
is an extension of by ^og^(l) whose extension class in 

Ext^(^^)(^, Jfog^(l)) ^ ® ifog^(l)) 

is the polylogarithm class. If we are given a point iz '■ "V ^ ^ ^ then we 
have a commutative diagram 

Ext^(^^)(Jf',^og^(l)) i7,V„(^,jrv®^og^(l)) 



Ext^(,^)(jr,i*^og^(i)) i/iy,(r,jrv0ij^og^(i)), 

and the pull back by i* of the polylogarithm class corresponds to the exten- 
sion il^^ E Ext;^(.^.)(jr,i*^og^(l)). 
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Lemma 5.18. Suppose M = (MdR, Mng, p) is an object in S{y), such that 
(1 — is surjective on M^g. Then we have a canonical isomorphism 

Ext^(,.)(i^(0),M) ^ M^^/F^M^^. 

Proof. This follows from the fact that for a module M, we have 

Ext^(.^)(i^(0), M) = Coker {fHUk M^g ^ M^k M^g) , 

where 99 : (2;,?/) 1— > (x — p~"'^(?/),(l — Since we have assumed that 

(1 — $) is surjective, the above complex may be calculated by the natural 
inclusion F^M^k MdR. This gives our assertion. □ 

In our case, the map (1 — has no kernel on (S) i* Jfog^(l), hence it 
is surjective. The above lemma shows that we have in particular 

(28) Exti(,^)(=^,i:^og^(l)) = Exti(,^)(K(0), ® i:^og^(l)) 

Theorem 5.19. The specialization i*^^ G Ext^(,^.)(jr, ^og^(l)) maps 
to the element 

N N-m 
m=0 n=0 



in r^f^ (8) i*.^og^ through the isomorphism of ()28p . 

Proof. This follows from the definition of the isomorphism given in Lemma 
Eos and Theorem Em □ 

Corollary 5.20. Suppose z is a torsion point in U{Ok)- Then the special- 
ization il^^ £ Ext^(,;^)(Jf',^og^(l)) maps to 

N N-m N N-m 

m=l n=0 m=0 n=0 

Proof. From the fact that X{z) =0 (Remark I3.24p and the definitions of 

Am,n{z) and E^]j^{z), we see that i\d^^ maps to 

pcolc \n+l ^ N-'m 

E LViv ^^^°'" + E E(-ir<n+i(^)^®^r'" 

n=0 ^ ^ m=l n.=0 

+ E E(-ir"'^-Un(^k*®er'". 

m=0 n=0 

Our assertion follows from the definition of p-adic Eisenstein-Kronecker 
numbers given in Definition IXTil and the fact that u ® e"'" G F'^i-^m ® 
i*=Sfog^) for any n > 0. □ 
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